MATH 2443
Final Exam Review Sheet Solutions

1. Assume that the function f(u,v) has continuous partial derivatives f, and f,
and suppose that f,(1,1) = 1 and that f,(1,1) = 2. A new function g(z,y, 2)
is defined by setting g(z,y,2) = f(z/y,y/z). Compute g,(1,1,1).

Set u = z/y and v = y/z. By the chain rule,
gy(xa Y,z ) fu(ua U)ﬁu/ay + fv(u7 U)av/ay - fu(u7 U)(—ZL’/yQ) + fv(ua 1))(1/2)

When r =y = 2 =1, we have that u =v =1 so
g9y(L1,1) = fu(L1)(=1) + fu(L,1) = 1(=1) +2 =1L

2. Evaluate the limit or show it does not exist.
63y

li 7
(a) (o) 2(0.0) 22% + y

0
Along the path z = 0, this is lim — = 0. Along the path y = x, this is
y—0 y

lim — = 2. As 0 # 2, the limit does not exist.
2 (in2
) fim S
(@)—~(0,0) T2 + 2y?
Switching to polar we get that this equals

lim 1% cos?(0) sin(rsin(f)) i cos?(6) sin?(r sin(#))
70 12 cos2(6) + 2r2sin®(f) =0 cos?(6) + 2sin®(6)
The bottom of this fraction is never 0 and the top approaches 0 as r — 0

so the limit is 0.
sin(z? + y?)

¢ lim
© (@y)—=(00) X2 + Y2
o . sin(r?) . .
Switching to polar, we get llr% ;— - By L’Hopitals rule, this is
r— T
2 2
im 2reos(r”) = lim cos(r?) = 1.
r—0 2r r—0
_ Yy — 2z
d 1 .
(d) (ea)(1.2) & — 232
-2 ) 1 1
Along the path z = 1, this is hm = lim —— = ——. Along the
24 —y%2  y=2 24y 4
2 — 2:v 1
path y = 2, this is lim So the limit does not exist.
o144y 2

3. Find all critical points of the function f and determine if each critical point is
a local max, local min, or saddle point.
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(a) f(z,y) = 2%y + 122 — 8y

The partial derivatives are f,(z,y) = 32y + 24z and f,(x,y) = 2* — 8.
The critical points are where both partial derivatives are 0 so 2> —8 =0
which implies that z = 2 and 3z%y + 24z = 0 so 12y + 48 = 0 and

y = —4. So f has one critical point at (2, —4).

To determine what type of point it is, use the second derivative test. The
second order partial derivatives are

fea(2,y) = 62y + 24, fy,(x,y) = 0, foy(z,y) = 32 which are -24, 0, and
12 respectively when o = 2,y = —4. Then D = fo,.fy, — (fuy)? = —144 s0
it is a saddle point.

(b) fla,y) = et
The partial derivatives are
folz,y) = —22e¥=2""Y £ (z,y) = (4 — 2y)e¥ " ¥ As eV ig
never 0, these are both 0 when x = 0 and y = 2 so f has one critical
point at (0, 2).

2

The second order partial derivatives are

fa:a:(xv y) - 64971273’2 (4'172 - 2)a fyy(xa y) = 64y7x27y2((4 - 2y)2 - 2)a and
foy(z,y) = e 7V (=2x)(4 — 2y). These are —2¢*, —2¢*, and 0
respectively at x = 0,y =2 so D = 4e®. As D > 0 and f,, < 0 this is a
local maximum.

4. Find the point or points on the curve z? + 3y* = 36 which are closest to the
point (2,0). Find the point or points on the curve which are furthest from the
point (2,0).

We are trying to find max/mins of y/(z — 2)? + y? under the constraint

2?2 + 3y? = 36. The maximum and minimum values of y/(x — 2)2 + y2 occur at
the same place as the maximum and minimums of (z — 2)? + y* so instead we
will look for max/mins of f(z,y) = (z — 2)? + * under the constraint

g(z,y) = 2* + 3y* = 36. The region z? + 3y* = 36 is an ellipse which is closed
and bounded so we are guaranteed to have an absolute maximum and
minimum. We can find the max and min by finding all critical points and
comparing the values of f at these points.

We use Lagrange multipliers to find the critical points. We need to find
solutions to the three equations f, = Ags, fy = Agy, 9(x,y) = 36 which are
2(x —2) = N2z, 2y = A6y, and 2% + 3y? = 36. By the second equation, we
have that y = 0 or A = 1/3. If y = 0 then by the third equation z? = 36 so

x = £6 and we get the critical points (+6,0). If A = 1/3 then the first
equation becomes 2(z — 2) = (1/3)(2z) which means that x = 3. Then by the
last equation 3% + 3y* = 36 so y = +3 and we get critical points (3, +3).



Plugging each critical point into f gives
f£(6,0) =16, f(—6,0) = 64, f(3,3) = 10, f(3,—3) = 10 so the closest points are
(3,3) and (3, —3) and the furthest point is (—6,0).

2 V2x—22 y2
. Evaluate/o /0 W dydl’

The curve y = v/2x — 22 can be rewritten as 22 — 2z + y? = 0 and completing
the square makes it (z — 1) + y? = 1 so it is the circle of radius 1 with center
(1,0). The region we are integrating over is the upper half of this circle. This
integral will be much easier in polar. The circle 2% 4 y? = 2z becomes

r? = 2rcos(f) or r = 2cos(f). The 0 values which trace out the upper half of
the circle are from 0 to /2 so the integral becomes

2cos 2cos
/ / r?sin’ s 0) g — / / sin?(6) drdo

/2 2
_ 4.3
_ /0 2 cos(6) sin2(0) df — 38111 o["=2.

. Let f( Y, )be dlfferentlable Suppose f(1,3,5) =7 and

Vf(1,3,5) = (2,=3,1).

(a) Compute the directional derivative of f at the point (1,3,5) in the
direction of the point (—1,4,7).

The direction vector is (—2, 1,2) and the unit direction vector is
(—%, %, %) The directional derivative is the dot product of the unit
. . . . . . 2 1 2 _ 5
direction vector with the gradient so it is (—%, 3,3) - (2, =3,1) = —3.
(b) Find the equation of the tangent plane to the surface f(x,y,2) = 7 at the

point (1,3,5).
The is the plane through the point (1, 3,5) with normal
Vf(1,3,5) = (2,—3,1) so the equation is
2 —1)—=3(y—3)+(2—=5)=0o0r 2z — 3y + 2z = —2.

(c) Use linear approximation to estimate f(.9,3.2,5.1).
£(9,3.2,5.1) ~ £(1,3,5) + f.(1,3,5)(.9 — 1) + f,(1,3,5)(3.2 — 3) +
1f(1,3,5)(5.1 =5) =74+ 2(—.1) + (=3)(.2) + 1(.1) = 6.3.

(d) Compute Vg(3,2) where g(z,y) = f(2y — z,zy — 3,2 + y).
Since we are using x,y for the variables plugged into g, we will use u, v, w
for the variables in f. Then g = f(u,v,w) where
uw=2y—z,v=ay—3,w=2x+y. Weneed to find g,(3,2) and g,(3,2).
By the chain rule,

ow

ou ov
gw<x7y) - fu(U,’U,'lU)% + fv<u7vvw)a_m + fw(uavaw)%
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= fU(uvvvw)(_l) + fv(uav7w>(y) + fw(uvv7w>(1)

and
ow

ou ov
gy(xvy) - fU(uaU7w)a_y + fv(uvvaw)a_y + fw(uav7w)a_y

= fulu,v,w)(2) + fo(u,v,w)(x) + fu(u,v,w)(1) .
When z = 3,y = 2 we have that v = 1,v =3, w =5 so
92(3,2) = 2(=1) + (=3)(2) + (1)(1) = —7 and
9y(3,2) = (2)(2) + (=3)(3) + (1)(1) = —4. So Vg(3,2) = (-7, —4).

7. Find the area of the part of the surface z = 22 4+ y? between the planes z = 1
and z = 2.

The surface can be parametrized as r(z,y) = (x,y, 2> + y*) where

1 < 2 + y* < 2. The partial derivatives are r, = (1,0, 2z) and r, = (0,1, 2y)
and their cross product is r, x r, = (—2z, =2y, 1). The surface area will be
the integral of |r, x r,| over the possible x,y values and

72 X 1y| = \/422 + 4y 4 1 so the surface area is
// Va2 + 4y + 1 dA .
1<x2+92<2

Switching to polar this becomes fo% flﬁr\/ 4r2 + 1 drdf. Using
u=4r?+1,du = Srdr we get that the inside integral is

9
S VAT T dr = [ 4 du = 2| = (27 = 5v/5) so the double

integral is fo% %(27 —5v/5) df = (27—2\/5)71'.

1 4 2 4
8. Evaluate/ / z\/3+ 22y dyd:l:‘—l—/ / /3 + 22y dydz.
o J1 1 Ja2

This would be difficult to integrate in this order, but could be integrated in
the order dxdy using u-substitution. These two regions can be combined into

one dxdy region as f14 fo\/yx\/?) + 22 /y dxdy. Using the u-substitution
u =3+ 1?/y, du = (2x/y)dz the inside integral is

fo‘/gx\/?) + 2% /y dx = f34(y/2)\/ﬂ du = (y/3)u3/2‘z = (8 — V/3)y. So the

double integral is

ff(% —V3)y dy = (3)(§ — V3)y?

— (D~ VE(I6 - 1) = 248,

1 2733

9. The function f(z,y,z) = 2% + 2zy + 2y + 32* has a minimum value on the
plane x + 3y + 3z = 8. Find the point where the minimum occurs.

Using Lagrange multipliers with g(z,y, z) = x 4+ 3y + 3z we need to find
solutions to the four equations f, = Ag, fy = Agy, f- = Mgz, x + 3y + 32 = 8.
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10.

11.

The equations are 2x + 2y = A\, 2x + 4y = 3,62 = 3\, x + 3y + 3z = 8.
Subtracting the first equation from the second we get that 2y = 2\ so y = \.
Plugging this into the first equation we get that = = —%/\. The third equations
gives us that z = %)\. We plug all of these into the fourth equation to get

4\ = 8 so A = 2 then use this to get that x = —1,y = 2,2 = 1. The only
critical point is (—1,2,1) so the minimum must occur at this point.

Let w = z\/y — x — y. Find the maximum and minimum values of w and
where the occur on the triangular region bounded by the z-axis, the y-axis,
and the line x +y = 12.

This is closed and bounded region so we will find all critical points and find w
at each. First check for interior critical points where both partial derivatives
are 0. The partial derivatives are Ow/dx = \/y — 1 and Jw /0y = ﬁ@ -1

which are both 0 at the point (2,1). This point is in the region so it is our
only interior critical point.

Next check for critical points on each of the three boundary lines. On x = 0,
w = —y and w’ = —1 so there are no critical points. Similarly on y = 0,

w = —x so there are no critical points. For the line x + y = 12 we will use
Lagrange multipliers. The equations we get are

VY—1=A\, ﬁy — 1=\ z+y = 12. Combining the first two equations we get
that x = 2y and plugging this into x + y = 12 we get that y =4 and z = 8.
This point is in our region so we have a critical point at (8,4).

Finally, we must also include corner points where two boundary curves meet.
This gives us three more critical points: (0,0),(0,12), and (12,0). We check
the value of w at all 5 critical points.

2,1) | -1
B,4) | 4
0,00 | 0
(12,0) | -12
(0,12) | -12

The maximum is 4 at (8,4) and the minimum is —12 at (0, 12) and (12,0).
Given a function f(z,y), suppose its gradient at the point (1,2) is (2, —4).

(a) Find the directional derivative of f in the direction of the origin.

The direction is (—1,—2) and the unit vector in that direction is

\/Lg(—l, —2). Dot with the gradient to get the directional derivative is

\/Lg<_17 _2> : <27 _4> = \/ig



12.

13.

(b) Find the directional derivative of f in the direction of the maximum rate
of increase of f.

The direction of the maximum rate of increase is the direction of the
gradient and the directional derivative in that direction is

VF(1,2) = Va0
(c) Let w= f(t3,t> +1). Find dw/dt at t = 1.
Write # = 3,y = t2 + 1. By the chain rule,

dw/dt = fi(x,y)(dz/dt) + f,(z,y)(dy/dt) = fo(x,y)(3t?) + f,(z,y)(21).
When t =1, z =1,y = 2 so this is

f=(1,2)(3) + £,(1,2)(2) = 2)3) + (=4)(2) = —2.
Find [, y*(e” 4 1)dx + 2y(e* 4 1)dy where C'is the closed path formed of

three parts: the curve y = z2 from (0,0) to (2,4), the line segment from (2, 4)
to (0,2) and the line segment from (0,2) to (0,0).

C' is closed and oriented counterclockwise so we can use Green’s Theorem to
evaluate this with P = y%(e® + 1), Q = 2y(e” + 1). We integrate
Q. — P, = (2ye*) — (2y(e‘"‘ + 1)) = —2y. So the integral becomes

fo f;;Q —2y dydx = fo = fo (x+2)? + 2t do =

Lz 4273+ Lo ‘0 - _11—854.

A particle is moved in the plane from the origin to the point (1,1). While it is
moving, it is acted on by the force F' = (y? — ye® + xy, 22y — e® + 2%). This
experiment is done twice. The first time the particle is moved in a straight
line and the second time is it moved along the curve y = 3. The work done
by the force the first time is W7 and the second time it is W5. Determine
which of W7 and W5 is bigger and by how much.

Write C) for the line segment from (0,0) to (1,1) which is along the line y = «
and Cy for the curve y = 2* from (0,0) to (1,1). Then C = Cy U —C} is a
closed curve oriented counterclockwise. If W is the work done over C' then

W =Wy — W;. We don’t need to know W; and W, just their difference so
this is exactly what We want to calculate. We can calculate W using Green’s
theorem with P = % — ye® + 2y and Q = 2xy — ¢® + 2. Then as

Qr =2y — e* + 2z, Py = 2y — e” + x the difference (), — P, is x. Then

W= [, F-dr= fol [ @ dyde = fol 2? — a2t dw = Z. So W, is larger than W,
by 2/15.

14. The force F = (¢**,2x — ¢¥") acts on a particle moving from (0,0) to (1,1).

(a) Compute the work done by the force if the particle moves in a straight
line.



15.

16.

We can parametrize the line segment C as v =t,y =¢,0 <t < 1. Then
dx = dt,dy = dt so the work is

Jo € da + (20— e )dy = [ e’ +2t — et dt = [ 2t dt = 1.

(b) Compute the work done if the particle moves first along the z-axis to
(4,0) then then in a straight line to (1,1).

Call this path C5 and let C' = Cy U —C; where (] is the path from part
a. C is a closed curve oriented counterclockwise so we can use Green’s
Theorem to find the work on C. Write D for the triangular region
enclosed by C. We take P = ¢*” so P,=0and Q =2z — eV’ 50 Q, = 2
and by Green’s Theorem [, F - dr = [[,2 dA = 2A(D) where A(D) =2
is the area of the triangle D so fC F' - dr = 4. We then have that

fCF- dr:fCZF- dr—fch- dr so

f02F~ dr= [, F- dr+fCIF- dr=4+1=5.

Let w = f(x,y, z) be a differentiable function. At the point x =3,y =2,z =1
assume that w =4, 0w/dx = —1,0w/dy = 2, and dw/dz = 3. Now view z as
a function of x and y implicitly defined by f(x,y,z) = 4. Find Vz at
r=3,y=2.

As we have assumed w is fixed to be 4, we have that changing x does not
change w so by the chain rule 0 = f.(z,y,2)(02/0x) + f.(z,y,2). When

x =3,y = 2 we have that z = 1 so this becomes 0 = 3(9z/dz) + (—1) so
9z/0x = 3. Similarly, 0 = f,(3,2,1) + f.(3,2,1)(9z/dy) so 0z/dy = —3 and
Vz(3,2) = (3, -2).

3773

Find the maximum and minimum of f(z,y,2) = zy + %23 on
2+ 9% + 222 < 32,

This is a closed and bounded region so we need to find all critical points and
evaluate f at each one. First look for interior critical points where all three
partial derivatives are 0. The partial derivatives are f, =y, f, = @, f. = 2% so
there is a critical point at (0,0,0). This is in our region so we have exactly one
interior critical point.

Next look for critical points on the boundary curve z2 + y? + 22% = 32 using
Lagrange multipliers. The Lagrange multiplier equations are

Yy =2 \x,x = 2\y, 22 = 4z, 22 + y* + 222 = 32. If we plug the first equation
into the second we get that z = (2\)?z sox =0 or A = :i:%. We consider each
of these three cases.

Case 1: x = 0. If x = 0 then by the first equation we have that y = 0 and by
the fourth equation 222 = 32 so z = +4 and we get the critical points (0,0,4)
and (0,0, —4).

Case 2: A\ = % The first equation becomes y = x and the third equation is
2% = 2z. This means that z = 0 or z = 2 and this case splits into two more
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17.

18.

cases. If z = 0 then plugging in z = 0,y = x into the fourth equation we get
that 222 = 32 so = £4 and there are critical points at (4,4,0) and
(—4,—4,0). If z = 2 then plugging in y = = and z = 2 into the fourth equation
we get that 222 + 8 = 32 so x = +1/12 and we get the critical points

(\/ﬁ, V12,2) and (—\/1_, —/12,2).

Case 3: A\ = —%. The first equation becomes y = —x and the third becomes
22 = —-2250 z=0o0r 2= —2. As in the previous cases we plug y = —z and

z =0 or z =2 into the fourth equation and get the critical points
(4,-4,0),(—4,4,0), (V12, =12, -2), (—v12,1/12, —2).

There are a total of 11 critical points and we evaluate f at each one.

| Point | f(@,y,2) =ay+ :2° |
(0,0,0) 0
(0,0,4) 64/3
(0,0, —4) -64/3
(4,4,0) 16
(—4,—4,0) 16
(4,—4,0) -16
(—4,4,0) -16
(v12,/12,2) 44/3
(=12, —/12,2) 44/3
(V12, =12, —-2) -44/3
(—V12,V/12, —2) -44/3

The maximum is 64/3 and the minimum is —64/3.

Set up but do not evaluate an integral equal to the area of that part of the
surface z = /1 — x — y that lies inside the cylinder of radius 1 whose axis is
the z-axis.

The cylinder has formula y? + 22 = 1 so the part of the surface which is inside
the cylinder will be where y? + 22 < 1. This is a condition on y and z so it will
be easiest if we solve the surface for x. This will also get rid of the square
root, but we need to remember that we only have positive z values. The
surface becomes v = 1 —y — 22 with z > 0, y? + 22 < 1. This can be
parametrized as r(y, z) = (1 —y — 2%, y,2). The partial derivatives are

ry, = (—1,1,0) and r, = (—22,0, 1) and the cross product is

ry X 1, = (1,1,2z). The surface area is the integral of |r, x r,| = /422 +2
over the possible 7, z values. The y, z values are z > 0 and 3% + 22 < 1 so the

surface area is fjl IN 122 1 2 dedy.

Evaluate [, (y + sin(z))dz + (2% + cos(y))dy + 2°dz where C' is the curve
parametrized by r(t) = (sin(t), cos(t),sin(2t)), 0 < ¢ < 2x. Hint: C' is on the
surface z = 2xy.



19.

Computing this directly would be difficult so we will use Stokes” Theorem. By

the trig identity sin(2t) = 2sin(t) cos(t) we see that C' is on the surface

z = 2xy. It is also on the surface 2? + y* = 1 so we can think of C' as the

intersection of the surface z = 2zy and 22 + y*> = 1. For Stokes’ Theorem we

need a surface with boundary curve C' so we will take S to be the part of the

surface z = 2zy which is inside the cylinder 22 + y? = 1. Note that C' is

oriented clockwise when viewed from above so we will take S to have

downward orientation. By Stokes’ Theorem, this integral is equal to

[[gcurl(F) - dS.

S can be parametrized as r(x,y) = (z,y, 2zy) for 2* + y*> < 1. Then
=(1,0,2y),r, = (0,1,2z) and r, x r, = (—2y, —2x,1). This does not

match our orientation so instead we will use (2y, 2x, —1) and we get that

dS = (2y,2x,—1) dA.

We also need to compute curl(F) =V x F =

(0/0z,0/0y,0/0z) x (y +sin(z), 22 + cos(y), 2*) = (—2z,—3z% —1). The
variables in our parametrization are x and y so we need to rewrite curl(F') in
terms of x and y using the parametrization so we replace z with 2xy to get
that curl(F)(r(z,y)) = (—4xy, —3z%, —1).

If D is the disk 3:2 +y* < 1 then [[ curl(F)- dS =

[[p(—4xy, =32* —1) - (2y, 22, 1) dA = [, —8xy* — 62> + 1 dA. This can be
integrated by switching to polar, or we can note that [[, —8xy* dA =0 and
[[, —6x* dA = 0 by symmetry and [[,1 dA = as it is the area of a circle of
radius 1. This gives us that

Jo(y +sin(z))dz + (2% 4 cos(y))dy + 2°dz = [[ curl(F) - dS = 7.

(a) Find a number ¢ such that the force field
F = (ye® + 3% + 3y?, * + cxy + 3y?) is conservative.

If P=ye®+ 322+ 3y%, Q = €® + cxy + 3y? then F will be conservative if
and only if P, = @),. The derivatives are P, = e* + 6y and @, = €” + cy
so ¢ = 6.

(b) Suppose the constant ¢ has the value found in part a. Find a function
f(x,y) such that FF =V f.

We are trying to find f with f, = ye® + 322 + 3y? and
fy = €* + 6xy + 3y*. Integrating f, with respect to 2 we get that
f(x,y) = ye® + 2® + 3xy? + g(y). The y partial derivative of this is
fy(x,y) = €" 4+ 6xy + ¢'(y). We set this equal to our formula for
fy = €" + 6xy + 3y? to get that ¢'(y) = 3y? so g(y) = y*. Plug this into
the formula for f(z,y) to get that f(x,y) = ye® + 2® + 3zy® + 3>

(¢) Continuing to assume that ¢ has the value found in part a, find the work
done by F' on a particle moving from (1,0) to (0,1) along the circle of
radius 1 centered at the origin.



Using the fundamental theorem of line integrals, this will be

F0,1)— f(1,0)=2—1=1.

20. A solid sphere with radius v/2 is cut into two unequal piece by a plane, where

21.

the distance from the center of the ball to the plane is 1 unit. Set up, but do
not evaluate, integrals equal to the volume of the smaller piece. Do this in
rectangular, spherical, and cylindrical coordinates.

We first need to put the sphere and plane into 3-dimensional space. The
easiest way to do this is to put the center of the sphere at the origin so the
sphere is 22 + 3% + 22 = 2 and take the plane to be z = 1. The intersection of
these surfaces is the circle 22 + y? = 1 on the plane z = 1. This means that for
rectangular and cylindrical coordinates, the projection to the zy-plane will be
the disk 22 + y? < 1. Note also that if we draw the cross section on the
yz-plane it the circle 4% 4+ 22 = 2 and the line 2 = 1 which intersect at the
point (1,1),(—=1,1). At the point (1,1) the angle with the positive z-axis at
the intersection is 7/4 so when we set up the spherical coordinates the ¢
values will go from 0 to /4. The three integrals are:

2— :c2—y
Rectangular: / / / dzdydx
T Vi—r?
Cylindrical: / / / r dzdrdf
o Jo Ji

2 w/4 V2
Spherical: / / / p? sin(¢) dpdpdf

0 0 1/ cos(¢)

Let S be the surface consisting of three surfaces 57, 5o, 935 where S is the part
of the cylinder 2% + y? = 16 with 0 < 2z < 4, Ss is the disk 22 + y? < 16 on the
plane z = 4, and Ss is the hemisphere z = /16 — 22 — 32, Find [[; F - dS
where F' = () 2y + 3z, 1/(z% + 9?)).

If computed directly, this would be 3 surface integrals and the ()
component of F would be messy and difficult to integrate. This is a closed
surface so we can use the divergence theorem to replace these three surface
integrals with one triple integral. No orientation is given for S so we can
assume the positive (outward) orientation and by the divergence theorem

[J¢F - dS = [[[,divF dV where E is the region enclosed by S.

The divergence of F' is
divF = V-F = (0/0x,0/0y,0/0z) - (%) 2y+3x,1/(22+1?)) = 0+2+0 = 2.
The region E' is easiest to set up in cylindrical coordinates so we get that

2 4 4
/// divF dV = / / / 2r dzdrdf
E o Jo Jvie—r?

10



22.

23.

27 4
= / / &r — 2rv/16 — r2 drdf .
o Jo

The integral of 8 is 4r? and we can use u-substitution with u = 16 — % to
integrate —2rv/16 — r2 and get that this equals

2 2 4 T 64 1287
e —16—23/2‘ d9:/ R
/0 g6 =) . 3 3

Let S be the surface of the region which is between the spheres
22+ % + 22 =1 and 22 + y? + 22 = 4 and also above the cone z = /22 + y2.
Find [[, F - dS where F = (22°z,xyz,y").

As in the previous problem we will use the divergence theorem to replace 3
surface integrals with 1 triple integral. The divergence of F is

divF' = 4xz + 2z 4+ 0 = bxz. The region is easiest to set up in spherical
coordinates. In spherical coordinates = = psin(¢) cos(f), z = pcos(¢),

dV = p?sin(¢) dpd¢df and the spheres have formulas p = 1 and p = 2 and the
cone has formula ¢ = w/4. So we get the integral

/ / /E divE dV = /0 o /0 m/4 /12 5p* sin?(¢) cos(¢) cos(8) dpdpdt .

As the bounds are all constants we can rewrite this as

2

(/12 5p* dp> </0”/4 sin?(¢) cos(¢) d¢> (/0 cos(6) d@) .

The last integral is 0 so the whole thing is 0.

Evaluate [ z*ydx + fa°dy + xydz where C' is the curve of intersection of the
hyperbolic paraboloid z = y? — 22 and the cylinder 2 + y? = 1 oriented
counterclockwise when viewed from above.

We will use Stokes’ Theorem with the surface S equal to the part of

2z = y? — 22 which is inside the cylinder 2% + y? = 1 oriented upwards. The
surface S can be parametrized as r(x,y) = (x,y,y? — 2?) for 22 + y*> < 1. The
partial derivatives are r, = (1,0, —2z) and r, = (0, 1, 2y) so the cross product
ry X 1y = (22, —2y, 1). This matches our orientation.

Take F = (z?y, %x3,xy> so curlF" = (z, —y,0). This is already just in terms of
x,y which are the variables in our parametrization of S so we don’t need to do
anything else with curlF'. So we get that this integral equals

// (w,—y,0) - (22, —2y,1) dA = // 222 + 2y dA .
x24y2<1 z2442<1
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24.

Changing to polar this becomes

27 1 27r1 1 27r1
/ /2r3drd0:/ —7»4‘ d@:/ Sdh—r.
0 0 o 2 o 0o 2

Let S be the top and 4 sides (but not bottom) of the cube with vertices
(0,0,0),(1,0,0),(0,1,0),(0,0,1),(1,1,0),(1,0,1),(0,1,1), (1,1, 1) oriented
outwards. Let F' = (zy, 2%y, 2°z). Compute [[¢F - dS and [[curl(F) - dS.

We will first find [[g F'- dS. This could be done directly but would involve 5
surface integrals so we want to instead use the divergence theorem. The
surface is not closed so we will need to close it with the bottom face and
compute both the integral over the whole cube and the integral over the
bottom face. Let S; be the surface of the cube oriented outwards and S, be
the bottom face oriented down. Then S; = S U Ss so

ffle- dS = [[,F - dS—i—ffS2F- dS so

ffSF- ds = ffSl F- dS— ffsz F - dS. The divergence of F' is

divF = y + 2% + 23 so by the divergence theorem

[fg F-dS= [ [} [y y+2*+a® dedyde = 2. We will compute [[ F- dS
directly. The surface Sy can be parametrized as r(z,y) = (z,y,0) for

0 <2 <1,0<y<1. The derivatives are r, = (1,0,0),r, = (0,1, 0) so the
cross product is r, x r, = (0,0,1). This does not match our orientation so we
use (0,0, —1) instead. We also need plug our parametrization into F' so we
replace z with 0 to get that F' = (xy, 2%y, 23z) = (xy,0,0). Then

[fg, F - dS= [y [ {xy.0,0)-(0,0,—1) dydz = [, [; 0 dydz = 0. It follows
that [[, F - dS:ffle- dS—ffSQF- dS:%— :%.
Next compute [[¢curl(F) - dS. Again if done directly we would need to do 5
surface integrals. As we are integrating the curl of F', we can use Stokes’
Theorem to replace this with the line integral over the boundary curve C. C'is
the square with vertices (0,0, 0),(1,0,0), (0,1,0),(1,1,0) oriented
counterclockwise when viewed from above. By Stokes’ Theorem,

[[geurl(F)- dS = [, F- dr = [ (zy)dx + (2*y)dy + (#°2)dz. As C'is on the
xy-plane we will have that z = 0 so this becomes fc xy dx. If we look at the 4
line segments which make up the square, we have that dr = 0 on the two
vertical lines and y = 0 on the bottom line so the integral will be 0 over these
three lines. This just leaves the top C; from (1,1) to (0,1). We can
parametrize C; asz =1—t,y=1,0 <t <1 so dr = —dt and

fcl(xy) dr = fol —(1—1t) dt = —%. So we get that [[,curl(F) - dS = —3.

Another way to compute ||, geurl(F) - dS is to replace it with
I]. g, curl(F) - dS where S is another surface with the same boundary curve.
In particular we can take S; to be the bottom face oriented up. S; can be
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parametrized as r(z,y) = (z,y,0) for 0 <2 < 1,0 <y <1 and
re X 1y, = (0,0,1). Then curlF = (—2yz, —3x%z, —x) and plugging in our
parametrization this becomes (0,0, —z). So

[[gcwl(F) - dS = fol fol((),O7 —x)-(0,0,1) dA = fol fol —x dxdy = —3.

13



